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We have derived exact analytical formulas of various thermodynamic quantities such as Energy, 
Pressure, Entropy etc., at finite temperature without neglecting quark mass. The critical curve in the 
H-T plane has been calculated to show the effect of finite quark mass. The energy density has also 
been calculated for different values of the quark mass. 

1. Introduction 

The quark-gluon plasma may play an important 
role in understanding the strong interaction. Exten-
sive studies [1] have been made in this direction. Some 
authors [1 k] have even argued that the creation of 
such a plasma in the laboratory can make the in-
volved physics much clearer since one can then use the 
well established statistical physics and can thereby 
correlate the microscopic information with experi-
mentally observable quantities. 

Also the various aspects of confinement and decon-
finement of quarks as well as the phase-transition 
from hadronic to quark matter have been studied [1] 
by many authors. The two phase character of strongly 
interacting matter has been discussed from the phe-
nomenological point of view [2], QCD gives rise to the 
expectation that the two-phase character and the pha-
se-transition can be explained by the same basic the-
ory [3], and developments in the lattice Q C D at finite 
temperature [4-9] support this hope. Miller and 
Redlich [10] had recently discussed the thermodynam-
ical properties of models with non-Abelian internal 
symmetries. 

But in all previous works, the mass of the quarks 
has been neglected, arguing that in most cases (u and 
d quarks) it is negligible. But when heavy flavours are 
included, the quark mass cannot be neglected. For 
example the thermodynamic abundance of charm 
with a mass of about 1500 MeV, is low but is still 
significant [11] and bound to have an effect on thermo-
dynamical quantities. Also, there is a quite apprecia-
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ble S-abundance, and the mass of the strange quark is 
not small enough (about 180 MeV) to be neglected. 

We therefore have taken up calculations concerning 
quark gluon plasmas (on the basis of the bag model 
[11-15]), taking into account finite quark masses. It 
has been found that exact analytical formulas for var-
ious thermodynamical quantities, such as energy, 
pressure, entropy, etc. can be found without neglecting 
the quark masses or at least taking into account first 
order corrections. The expressions for the energy in 
the limit T -* 0 can easily be found, and this formula 
can be applied easily to quark bag models for predict-
ing the mass spectrum of hadrons. In the present pa-
per, our object is to show the effect of the quark 
masses, and we will discuss quantitatively its contribu-
tion to various thermodynamical quantities. 

To make the relevant formulae most general, we 
have considered quantum statistical grand partition 
functions, i.e. F — D for quarks and B — E for gluons. It 
will be shown that it is possible to get exact analytical 
expressions for all the desired physical quantities with 
finite quark and gluon masses. 

In Sect. 2, starting from grand partition functions, 
the mass formulae for hadrons at zero temperature are 
obtained. In Sect. 3, the thermodynamical quantities 
for the quark-gluon plasma are evaluated. Section 4 is 
devoted to the calculation of the critical temperature. 
In Sect. 5 we discuss phase transitions and the effect of 
finite quark mass on the energy density. The final 
section is kept for comments and discussions. 

2. Mass Formulae for Hadrons 

In this section we derive the mass formulae for 
hadrons with the help of the bag model [11 -15] . To do 
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this, we start from the thermodynamical potential for Finally we get 
a free quark and gluon gas, for which we get the 
Helmholtz free energy. The thermodynamical poten- F =g £ 
tial in reduced units is given by « 

(2.1) 

ßf = - WITT) f /c2 d/c [9qu Z In(1 + e x p { f i x - e t ) ß 

NV - 1 / 3 + 
mi 

16 n2 Vl,3(6n2)113 

(m2 V2,3 + (6n2)2'3 jv2/3)1/2 V 
2n2ß \6k2 (2.9) 

-0 g l u l n ( l - exp( / i - e )^ ) ] -In 

with 

((6TT2)2/3 N2/3 V-2/3 + ml)1'2 + (6TT2)1/3 V 

Ex = (k2 + mj)112 and £ = {k2 + m2)1/2, (2.2) 
where Na = number of a quarks in the bag. 

The one gluon exchange energy contributes to the 
. , . , total free energy of the bag. To get this, we used the 

where uy and are the chemical potential and mass , , u D CT\ r* a r<x x ^ color gluon exchange energy -mR curve of De Grand 
of the a quark, p and m are the chemical potential and e t ^ a n d o b t a m e d b y ^ § q u a r e s ^ 
mass of the gluon, and ß is the inverse of temperature. 
Sgu (0giu) is ^ e fraction of the quark (gluon) gas. 

At zero temperature (ß -* oc), since p -*• 0, gluons 
will not contribute to Qf and we have, as T -> 0: 

= Z ! «s (A0 < R ~ Bo ™a+ C0 R " , (2.10) 

Qf = 

with 

h = f p a s M - m 2
x ) 1 , 2 d £ a , 

h= j £ 2 (e 2 -p 2 ) 1 / 2 d£ a . ma 

Evaluating these integrations we get 

vg a u 

(2.3) 

(2.4) 

(2.5) 

where a s is the coupling constant = g2/4n, R the ra-
dius of the bag and aa the parameter for the a type 
(strange or non-strange) quark. Further 

A0 = 0.00568, B0 = 0.0508, Co = 0.1762. 

Writing (2.10) in terms of the volume of the bag, we 
have 

fgex = X f «S fl. (Ä ml V ^ - B0 mx + C V~1''3), (2.11) 
X 

where 

A = A{ 
3 V/3 

4 t c , 

/4T^1 / 3 

and C = Cn — 

Q{ = 
2n2 12 8 

4 m 

i n l - m l Y ' 2 

(2.6) 

Now, since at zero temperature the free energy is equal 
to the internal energy, (2.11) may be considered as an 
expression for the free energy, Fgex. It is to be men-
tioned here that we have considered interactions be-
tween quarks of equal masses. To find the total free 
energy of the bag we should consider two more terms: 

Using the standard relation between free energy and surface and volume energy. They are given by 
thermodynamic potential, the Helmholtz free energy 
Fqu for free quarks is obtained as (for more details see 
[16]) 

F=ctV213, Fv = BV, (2.12) 

F = qu 
vg q u 
2n2 + i j -m. 2) 1 ' 2 

——In 
2 \l/2 

m. 

and the density of a quarks is 

K = f M n l - m l ) 3 ! 2 . 
o n 

(2.7) 

(2.8) 

where a and B are free parameters. We have consid-
ered the surface energy as negative, following 
Kagiyama et al. [16]. At zero temperature, the free 
energy is equal to the internal energy. Thus we have 

F = | F q u + Fgex + Fg + F v | r = 0 - (2.13) 

Again, the mass M of the hadron is the minimum 
value of the internal energy. Therefore, 

M = E I y = y with 
a E 
dV 

= 0. (2.14) 
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Thus, with the help of (2.9), (2.11), (2.12), (2.13) and 
(2.14) we at once get the expression for M. 

The mass of any hadron can be calculated from the 
expression for M, provided the values of the parame-
ters B, a and a s are determined. The values of these 
parameters can be calculated by taking the masses of 
three hadrons. For ma = 0, (2.6), (2.7) and (2.8) become 

Q{= -
24 n: X X , 

F q u = 
YJ* 
8 TT2 

g_ 
6 7t ' 

(2.15) 

(2.16) 

(2.17) 

these equations being consistent with those of Kagi-
yama et al. [16]. From the above expressions for the 
free energy of quarks it can be shown that the effect of 
the quark mass can not be neglected when quarks are 
heavy. A simple calculation shows that for p = 
400 MeV and m = 100 MeV, the free energy changes by 
9 percent compared to that of quarks with no mass. 
We have not attempted here to give an other fit to the 
mass spectrum, as it is highly sensitive to the values of 
o and a s and, as pointed out by Chin [le], a large 
value of a s (which is needed to explain hte masses of 
n and p) will make the perturbative calculations not 
very reliable. However, one finds that the reasonable 
values a s = 0.55 and B = 145 Mev will need a = —0.41 
to get the correct n mass. 

3. Quark-gluon Plasma at T ^ 0 

Here we evaluate the various thermodynamical 
quantities of the quark-gluon plasma in vacuum. 
Vacuum means a region which exerts a pressure on the 
surface within which plasma is confined. To obtain the 
desired physical entities we use the grand canonical 
quantum statistical partition functions and the stan-
dard relations of the derived variables. Masses of 
quarks and gluons will be included in our calculations. 
The total energy of the system consists mainly of con-
tributions from quarks, gluons and the vacuum or Bag 
term. In addition to this, we shall consider second 
order gluon-gluon interactions and interactions be-
tween quarks themselves via colour gluons. In this 
regard, only first order running coupling will be con-
sidered, viz., cts{q2) = g2/4n (Rafelski [1 k], Chin [le]). 
To find the vacuum contribution we introduce, like 
others, a vacuum partition function 

[In Z]vac=-BßV (3.1) 

which ensures the positive energy density B of con-
fined quarks and gluons and a negative pressure on 
the surface of this region. Now, starting from the free 
quarks partition function, we have 

E = Energy density of the free quarks 

(3.2) 

8 
d~ß 

g q u 

2 TT2 j £ a ( e 2 - m 2 ) 1 / 2 \n[l+eß^~£)]de 

This can be written as 

öfqu - x2(x2 — m2 ß2)1'2 dx qu j-

'qu 2TT2 ß4 miß X ' ^ + l 

where X = e x p ( p a ß ) and x = ßß. 

(3.3) 

OC x 2 ( x 2 _ 2 « 2 x 1 / 2 

/ = x ( x m p ) d x = I i _ j 2 + I ^ ( 3 4 ) 
1 e+1 

m j 

(where we have assumed pa>ma. A separate calcula-
tion has been made when pa = 0.), where 

j 1 = j x2 (x2 — m2 ß2)1'2 dx , 
i n j 

f x^(x2-m2ß2)1/2dx 
2̂ J 

m „ ß 

* x 2 (x 2 —m2 ß2)112 dx 

(3.5) 

(3.6) 

(3.7) 

with Z = p J . 
Evaluating the integrals using standard techniques 

to handle Fermi integrals [17], we have 

— — I n (3.8) 

h~I2 = n2ß2 

Finally we get, 

ti rn2 

T2]+n 60 

F 
q u _ 2 VL fe ( „ 2 

m: 

m«, + In 

1 2 12 / ' 60 ' 
(3.9) 
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Now since each quark has the baryon number we 
have 3nx = p. Therefore 

p » q u 

qu o _2 Z 71 

. 5 

In 

T I - m ; 
3/2 

Now, if we include the quark-quark and gluon-
gluon interaction following [1 k] and reference therein, 
we get upto first order in a s the following expression 

(3.10) for energy density 

— ml 
1/2 

1/2 

2 V 3 
ml 
12 + U m (KT)2 + - ( t c 7 7 60 

Similarly, from the corresponding partition function 
we get the free gluon energy density £glu as 

P _ _ A n gglu r x2(x2— m2 ß2)1'2 dx 
V . " d ß ( l n ^ - 2 n 2 ß * J ß A - 1 e*—1 

= with x = e/J. (3.11) 

Z J ( x 2 - m 2 j 5 2 ) 3 / 2 e _ n x d x , (3.12a) 

6 2ac Ks f l - m : 

1/2 
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(3.18) 

— — In 
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+ 

1 Af 
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)e2 
12 + 1 

50 a< 

1 5 7T 
m2 02 

4 
1 -

2171 / 60 

15 a, 
471 

where 9 = nT and we have taken grqu = 12 and 
gglu = 16. Expressions for the pressure and entropy 
density are obtained as 

I'2 = m2ß2Z j (x2-m2 ß2)1'2 e~nxdx. (3.12b) 
n= 1 mß 

After evaluating the above integrals, we get 

* 3 m 2 ß 2 

I'i= I . 
n= 1 n-

=c m 3 ß 3 r 2 = Z — -
«=i n 

where 

K2(nmß) = 3m ß 1(2, nmß), (3.13a) 

K1(nmß) = ms ß31(l,nmß), (3.13b) 

Hy,z)= Z K > Z ) 
(3.14) 

The convergent series I(y,Z) has been evaluated by 
Braden [18]. We just state here the asymptotic be-
haviour of I(\,Z) and I(2,Z) when ß 0: 

1(2, Z)' 

6 Z 2 ' 
(3.15a) 

45 Z 2 2 ' 

Using the results in (3.11) we get 

"(71 T)4 
f _ Ö'glu 

~ 2 It2 

m 
— (71 T ) 2 

15 12 
(3.16) 
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= -(E-4B), 

-B 

(3.19) 

(3.15 b) w h e r e l n Z = [ l n + [ l n Z U + [ l n Z]vac' a n d 

S= -11 — 
2 a, 

0 + 
14 

\5n 
1 -

50 as 

21 w 

+ 
32 

45^r 
— - m2 (3.20) 

Also £v a c = B. (3.17) For P = 0 we have E = 4B. 
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Hence we get 

8 / 15 a s \ A , , , 
+ 4 5 ä ( 1 - T f j ^ - f - 2 0 2 ) - (3-21) 

It is to be noted that the temperature independent 
terms of the energy density expression at T + 0 are 
identical with that of the free energy density expres-
sion at T=0 (Ref. (2.7)). 

A few words about the value of as in (3.21). To 
compare our results with those of Rafelski et al. [1 k] 
we took a s = 0.5, but the effect of finite quark mass 
would necessitate a change in the value of a s . The 
choice of a s = 0.5 is motivated by fits of charmonium 
and ypsilonium. But a much smaller value of a s = 0.2 
is found in the time like region of momentum transfer 
in e + e ~ -*• hadrons experiments. In presenting nu-
merical calculations, we have considered both these 
values of a s , to show the change of Tc, E with a s . 

Again from (3.18), (3.19), (3.20), (3.21) it is clear that 
for ma — 0, m = 0 our results are identical to those ob-
tained by Rafelski [lk]. But the advantage here is that 
one can find the various thermodynamical quantities 
taking quark-gluon masses in accout. So in that sense 
the formulae are far more general. Using (3.21), one 
can draw the critical curve in the n ~ T p l a n e . In Fig-
ure 1 the critical curve for the quark-gluon plasma has 
been drawn for mx = 0 and ma = 1 and 5 (m = 0 in both 
cases), a s = 0.5 and a s = 0.2. All the quantities have 
been normalised to ß1 / 4 . The critical density can be 
calculated from (3.21) by taking T = 0. In Figure 2, nc 

has been plotted against ma. Since all the quantities 
have been calculated in terms of J31/4, we do not show 
here the variation of fic with ß 1 / 4 , which is implicit in 
our calculation. In Figure 2 we have not indicated Tc, 
as a separate calculation has been done when p = 0. 
This is discussed in Section 4. 

0 = 0, a s = 0.2; (2) mx = l, a s = 0.2; (3) mx = 0, a s = 0.5; 
0 mx = 1, a s = 0.5; © mx = 5, a s = 0.5. 
Fig. 1. Plot of n/B1'4- vs. T /ß 1 / 4 . 

Fig. 2. Plot of n J B u * vs. w /B1/4. 
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4. Calculation of Critical Temperature 

In order to obtain the effect of finite quark mass on 
the lower bound Tc one should study (3.19) for P = 0 
at p = 0. But since (3.18) has been obtained on the 
assumption px > mx, one cannot use it for calculating 
the critical temperature. (This will be the point of 
departure of our method from that of others, specially 
Rafelski [lk]). We believe that (3.18) has been ob-
tained assuming a not too small px and to obtain 
correct formulae for /ia = 0 one should start ab initio. 

Starting from the partition function for p = 0, the 
energy density for free quarks can be written as 

S m j s2
x(e2

x - m l ) " 2 — ^ 
'qu 

1112 1 +exp( —£a ß) 

P n= 1 m«/! 

— ml ß2)1'2 e~(n+1)x dx, 

where x = exß 

9, _ gqu 
2 n 2 ß* „t^ 2 «4 z ( - i r 

3 miß2 

+ 

_(n +1)2 

miß3 

K2(n + l)maß 

K1(n + \)mxß 
(n+1) 

Again, using Braden's [17] method we get 

2 TT2 V 120 24 

(4.1) 

(4.2) 

Equation (3.18) becomes, after due correction due to 
quark-quark and gluon-gluon interaction, 

E = 

with 

B = 

50 a s 

~ 21 

7 
120 

+ 
1 5 71 

1 -

11 ^ 
4 n 

50 a s 

21 ~k 

7 
120 

+ 1 - — 
45 n2 V 4 7r 

mx -t 
24 

5 . 
' m' 

4 

24 

r--m2e2 

4 

e2 + B (4.3) 

Comparing our result (4.3) for mx = 0 with that of 
Rafelski [1 k] we see that there is a difference of a factor 
of 2 between the two results. But our result is consis-
tent with that of Satz [1 j], and we think it is the correct 
result for p = 0. 

m a /B i 

C u r v e ® a s = 0.2; C u r v e © a s = 0.5 
Fig. 3. Plot of TJBliA vs. mJBllA. 

The critical temperature can be obtained from 
putting P = 0. Using (4.3) for the energy density we get 
(for mx = 0) Tc ~ 0.91566ß1 / 4 ~ 173.97 MeV. How-
ever, if we take m x ~ B 1 / 4 , then Tc ~ 0.9256 ß 1 / 4 ~ 
175.86 MeV. (We have taken a s = 0.5 and ß = 1 9 0 
MeV.) It should be mentioned here that mx~B14 

= 200 MeV is not a realistic quark mass for the study 
of the quark-gluon plasma. Hence we have shown the 
effect of mx on Tc by plotting Tc against mx in Figure 3. 
But as mentioned before, the effect of introducing 
finite quark mass would also necessitate a change in 
the values of a s and B. Hence we have plotted Tc 

against mx for two different values of a s , viz. 0.5 and 
0.2. As before, Tc and mx are normalised by ß 1 / 4 , 
whereby their variation with respect to B1 / 4 is implicit 
in our plot. 

(4.4) 5. Phase Transition and Energy Gap 

The phase transition from the hadronic gas phase to 
the quark-gluon plasma is mainly determined by the 
energy density of the fire ball. A major topic of con-
temporary research is about the order of transition. 
Since the main difference of our work from others 
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1 

y m /| 
/ I / / iu' ! ' 

1 1 1 
1 II 1 1 

1 • c u t t 
T/B j- -

0 ma = l, a s = 0.5; Q) ma= 1, a s = 0.2; ® mx = 0, a s = 0.5; 
® mx=0, as = 0.2 
Fig. 4. Plot of E/B vs. T /ß 1 / 4 . 

([1 k] and references therein) lies in taking into ac-
counts the effect of finite quark mass on quantities of 
interest in quark-gluon plasma studies, the basic con-
clusion would be the same as that of others. This 
means that it is likely that the phase transition is a first 
order phase transition, though it cannot be deter-
mined unambiguously. A detailed study is outside the 
scope of this work, which has rather the humble aim 
of presenting some relevant calculations. However, it 
may be of some interest to show the energy density 
aygainst T. In Figure 4, we have drawn the energy 
density against Tfor values ofma = 0 and ma= 1 (nor-
malised to ß1 / 4). 
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